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CORRECTION TO “CARTAN SUBALGEBRAS
OF SIMPLE LIE ALGEBRAS”

ROBERT LEE WILSON

Richard Block has pointed out that the argument of (5.5) in (5] is incorrect. In
particular, the inequality “ngtq +ng—o > n(p—1)p” is unjustified. Thus the proof
of Theorem 2.1 is incomplete. However, the theorem is correct as stated. We give
a corrected proof here.

We will use the notation of [5], will continue the numbering of sections from
[5] and will refer to results from [5] and from this note by their numbers without
further identification. Thus Propositon m.n is to be found in §m of [5] if m < 5
and in §m of this note if m > 6.

We begin by noting that if dim7 =1 and H # T + I then I generates a cyclic
group and so Proposition 3.3 shows we must have (a,a) € S for some a € T.
However, the results of §4 show that this is impossible. Thus Theorem 2.1 holds
when dimT = 1. This is the only case of Theorem 2.1 used in [6] and hence the
classification of the simple Lie algebras of toral rank one given in [8] is valid. We
will use this classification below.

We will now assume that (3.3.2) holds and derive a contradiction, thus proving
Theorem 2.1.

6. A module for }_ L;,.
(6.1) Let @ and  be as in (3.3.2). For any 0 # v, 6§ € Za + Z define
(v)s: LyxL_y = F
by
(6.1.1) (u,v)s = 6([b, [u,v]])

for all u € L.,, v € L_,. For 0 # v € Za + ZJ define K, = (L_,)* where the
complement is taken relative to the form (-,-)s for any § ¢ Z~. Since (u,v)s is a
linear function of § and

(6.1.2) (Lys L—y)~ = (0)

by (3.3.2) this definition is independent of the choice of §.

Let m, = dim(L./K,). Then by (3.3.2) we have m,, mg # 0. As is shown
in §5.2, p|m.,. We may, without loss of generality, assume that my > m. for all
YEZa+2B,v#0.
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(6.2) LEMMA. Let 0 #~, 6 € Za+ 20, v ¢ Z6. Then [H,K,] C K., and
[L57K‘1] - K‘7+6-

PROOF. From §3.5 we have that ([h,z],y)s = —(z,[h,y])s for all z € L,
y€L_,, he H. Hence [H,K,] C K,. Also

6([b, [[Ls, K4, L-s—4]]) € 6([b,[(Ls, L—5—’7]’ K‘Y]]) +6([b, [Ls, (K, L-s—4]]))
C 6([b, [L—v, Ky]]) + 6([b, [Ls, L—5]))
= (L—~, Ky)s + (Ls, L-5)s = (0)
by the definition of K and (6.1.2). As § ¢ Z(~y + 6) we have [Ls, K| C Ks4~.
63) Let T = T+ Y07} Ly,

COROLLARY. The adjoint representation induces a representation 8 of ) on
P Lo+ia/Kptia- Furthermore Lig Nkerd = Ko for 1 <i<p—1.

PROOF. By the lemma K;, C (L;o Nkerf). Now kerd is an ideal in f(a) )
[b, [L—ias Lia Nker 0]] C (ker@)N(T +1I). Then if u € [b, [L_iqa, Lia Nker §]] we have
[u,Lg]) € Kg and so B(u) = 0. Therefore (L_;q, Lio Nker#)z = (0) and so we have
equality.

7. Solvable subalgebras of .

(7.1) LEMMA. Let A be an (ad T)-invariant subalgebra of ). Assume that
(ad )| is nilpotent for every x € Ag. Then A is solvable.

PROOF. We will proceed by induction on dim A. Since [A, A] is (ad T')-invariant
and [A, AJo C Ao the result holds if [A4, A] # A. Let @Q be a maximal subalgebra
of A containing Ag. Then @ induces a Lie algebra of linear transformations of
A/Q. As (A/Q)o = (0), and as the elements of Ag = Qo act nilpotently on
A/Q by hypothesis, the Engel-Jacobson theorem implies that this algebra is nil,
hence annihilates a subspace of A/Q. By the maximality of @ this implies that
dim(A/Q) =1 and [A, A] € Q. Thus [A, A] # A, as required.

(7.2) Let U = Y72} [Ligy L—ia] and M = U + P2} Lio. Let 7 denote the
canonical homomorphism of M onto M/(solv M).

LEMMA. If M 1is not solvable then M/(solv M) is simple and has toral rank
one with respect to 7(U). Consequently, if dim7(M) < p?> — 2 then M contains an
(ad T)-invariant solvable subalgebra S D U with dim(Ly/Se)+dim(L_q/S-o) < 1.

PROOF. Lemma 7.1 shows that any proper ideal of M is solvable. Thus if
M is not solvable, M/(solv M) is simple. Furthermore, since M is not solvable
(adU)|pm = (ad Mp)|am is not nil so U is a Cartan subalgebra of M. Hence 7(U) is
a Cartan subalgebra of M/(solv M) and M/(solv M) obviously has toral rank one
with respect to 7(U). Since ker(8|s) is a proper ideal in M it is contained in solv M.
Thus dim (M) > dim(M/(solv M)). Since M/(solv M) = sl(2), some W(1 : n) or
some H(2:n: &) by Theorem 1.4 of [6] the inequality dim (M) < p? — 2 forces
M/(solv M) = s[(2) or W(1 : 1). Then taking S to be the preimage in M of the
solvable subalgebra 7(M,) + rf(\(/] ) in M/(solv M) gives the result.

(7.3) Let U=Fb+U and M =U + M.
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LEMMA. M contains an (ad T)-invariant solvable subalgebra S D U such that
dim(Lq/Ss) + dim(L_q/S-qa) < 3.

PROOF. If M is solvable we may take M = S. Now assume M is not solvable. By
Lemma 7.2 M/(solv M) is simple and has toral rank one with respect to 7(U) so by
the previously established (§4) rank one case of Theorem 2.1 [U, U]/([U, U] N'solv M)
is nil. Since solv M is a proper ideal in M ad((solv M)g)|ar is nil, and hence
(ad[U, U])|m is nil. Now

[U,0) = [Fb+U,Fb+U) =[Fb+U,Fb+U] = [b,U] + [U,U].

But o([b, U]) = (0) by §4. Thus ad([b, U])| is nil and so (ad[U, U])| s is nil. Thus
setting V = (adU )M we see that V = T, + J, where T; is a one-dimensional
torus in V and J; is a nil ideal in V. Thus the algebra (ad M)|p with Cartan
subalgebra V satisfies the hypotheses of §2 of [6]. Taking (P,Q) to be a pair
of subspaces of (ad M )|m satisfying (2.1.1)-(2.1.4) of [6] and with P of maximal
dimension among all such pairs we see by Corollary 2.10 of [6] that P = (ad M Mt
Then Lemma 2.8 of [6] shows that each weight of P/Q has multiplicity one and
that there exists a solvable subalgebra S’ of Q chh contains V and satisfies
dim(Qq/S)) + dim(Q-o/S”,) < 1. Letting S C M be the inverse image of S’
gives the result.

8. Conclusion.

(8.1) LEMMA. Let S be an (adT)-invariant solvable subalgebra of M. Let
8; = dim(Lio/Sia) for 1 < i < p—1. Then 31 +s_1 > 2 and if b € S then
81+8—1 > 3. Furthermore, if S D U and s; +s_; = 3 then dim§(M) < p?> —p+6.

PROOF. By Corollary 6.3 S acts on C = Y Lgtia/Kpg+ia- Let W be an

irreducible S-submodule of C. Then
p—1

(8.1.1) dimW < Z Matia < PMag.
i=0

Define A: S — EndW by A(z) = 0(z)|w forz € S.

The representation theory of solvable restricted Lie algebras (Schue [2], Strade
(3], Weisfieler and Kac [4]; cf. Theorem 1.13.1 of [1]) shows that dimW = p™ and
that the restricted subalgebra S; of End W generated by A(S) contains a restricted
subalgebra @; which preserves a one-dimensional subspace N C W and satisfies
dim(S;/Q1) = m. Then setting @ = A~1(A(S) N Q1) we have dim(S/Q) < m.

As usual, write Qia = Q@ N Si, and set Pq = {z € Sia|[b,z] € Qia}. Write
gi = dim S;0/Qiq and p; = dim Q;o/(Qia N Pic). Clearly ¢; < m. Alsoif A: Qia —
Lo /Qiq is defined by A(z) = [b, z] + Qiq then p; = rank A < dim Lo /Qio = ¢; + 8:-
However, if b € S then A: Qia — Sia/Qia 50 pi < ¢i-

Suppose z € Piq NQia, Y € P—ia NQ—iq. Then [b, [z,y]] = [[b, z],y] + [z, [b,¥]] €
[@Q, Q] and hence [b, [z, y]] acts trivially on the one-dimensional @-module N. But
this implies (z,y)s = B([b, [z,y]]) = 0. Since dim Lo /(Pia N Qia) < 8i +pi + @i
Lemma 2.5.1 of [1] shows that

(8.1.2) Mio =T1ank(:, )l L,oxL ;o < Si+S—i+Di+p_i+qi+9g—;
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and so
Mio < 4m + 28; + 2s_;.

As p|mq this implies 83 + s—; > (p — 4m)/2. If m = 1 (as p > 11) this implies
81+ 8—1 > 3. Also by (8.1.1) we have m, > p™~! and so

p™ ! < dm+2s; +25_1.
If s; + s—1 < 2 this implies
(8.1.3) ' p™ < dm+2.

As p > 11 this is impossible for m > 2. Thus s; + s—; > 2. Note that this implies
M # S so M is not solvable and hence there exists t € U with t? = ¢ and at) =1.
Now suppose b € S. Then we have seen that p; < ¢; < m and so (8.1.2) gives

Mia < 4m + s; + s_;.

If 81 + s—1 < 3 we see that (8.1.3) again holds. Thus m > 2 is impossible (and
m = 1 was previously shown to imply s; + s—; > 3). Thus s; + s—; > 3 when
b € S. Furthermore s; + s_; = 3 implies that p™~! <4m+3som =2, p = 11,
mg=pand W =C.

Now let t € U be as above (t? = t, a(t) = 1). Then (letting 2Q(t) denote the
centralizer of ¢ in Q) (ad 2g(t))|;; is nil, since otherwise @ = 2¢(t) + f;ll Qia
and so ¢; + ¢—1 < 2 which (as p; < ¢;) implies m, < 7, a contradiction. Also b € Q
implies @Q; C P, and so p; = 0 for all 2. Then my < ¢1 +¢—1+81+5-1 <7,
again a contradiction. Thus (as dim S;/Q; = 2) we have S; = Ft + Fb+ @, and
so zs(t) = Ft + Fb + zg(t). Suppose y € 2(t). Then [y,b] = agt + a1b mod 2¢(¢)
and so (ady)*b = aoa'f"lt + a¥bmod zg(t). As z5;(t) C H is nilpotent we have
a; = 0. Thus [2g(t),b] C Ft + 2¢(t) and so (adb)"zq(t) Ft + 2g(t) for all
k. But (adb)?H C I by Lemma 3.1 and so (since (adzg(t )l is nil) we have
(ad b)k2g(t) C 2q(t)NI for all k > 2. Of course, this implies ((ad b)"zQ(t))N = (0)
for all k > 2. Now let X = {z € 2g(t)|2N = (0)}. Then dimzg(t)/X < 1.

Let u X — U/X be defined by u(z) = [b,z] + X. Then if z € ker u we have
((adb)kz)N = (0) for all k > 0 and so (since [t,z] = 0) we have f(z) = 0. Thus
ker u C kerd. Now ranku < dlmU/X < 3 so dim4(U) < 6. Since Corollary 6.3
shows dim6(M;,) = dim L;o /Kiq = miqg < mg =pforalli, 1 <¢ < p-—1, this
implies dim §(M) < p? — p + 6, as required.

(8.2) Let S be the subalgebra given by Lemma 7.3. Applying Lemma 8.1 to S
gives dim 6(M) < p? — p+6. Thus (as dim 8(M) > dim (M) > dim7(M)) Lemma
7.2 shows that M contains an (ad T')-invariant solvable subalgebra S’ O U with
dim(Ls/S.) + dim(L_-,/S’,) < 1. However, applying Lemma 8.1 to S’ yields a
contradiction. Thus (3.3.2) is impossible and the proof of Theorem 2.1 is complete.
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